Abstract. In this paper we study the Ekedahl-Serre conjecture over number fields. The main result is the existence of an upper bound for the genus of curves whose Jacobians admit isogenies of bounded degrees to self-products of a given elliptic curve over a number field satisfying the Sato-Tate equidistribution, and the technique is motivated by similar results over function field due to Kukulies. A few variants are considered and questions involving more general Shimura subvarieties are discussed.
Introduction
In this paper, we consider a question of Ekedahl and Serre [ES93] on the non-existence of algebraic curves with completely decomposable Jacobians when the genus tends to infinity. Here a Jacobian, or more generally an abelian variety A, is said to be completely decomposable (also called totally split in the literature) if it is isogeneous to a product of elliptic curves. In [ES93] Ekedahl and Serre has constructed various examples of algebraic curves with completely decomposable Jacobians, and they asked that whether the genera of the algebraic curves with completely decomposable Jacobians are bounded from above.
The question can be reformulated in terms of Shimura varieties. One considers M the Shimura subvariety in A g parametrizing abelian varieties isomorphic to a product of elliptic curves respecting the principal polarizations, which is isomorphic to a g-fold product of modular curves upon the choice of a suitable level structure imposed on A g . An abelian variety isogeneous to a product of elliptic curves thus corresponds to a point in some T q (M), where T q stands for the Hecke translation by q ∈ Sp 2g (Q) in A g . The question of Ekedahl and Serre is concerned with the existence of a lower bound for g such that the intersection
be finite or even empty, where T
•
g is the open Torelli locus parametrizing Jacobians of smooth projective curves of genus g. Note that the degrees of isogenies could be computed explicitly using coordinates of the elements q upon the choice of an integral symplectic bases for Q 2g , and only finitely many q's are involved if the isogeny degrees are bounded a priori. If the intersection above could be reduced to the case using only finitely many Hecke translates T
then the problem becomes closer to the Coleman-Oort conjecture, cf. [MO13] , which predicts that the intersection of T • g with a Shimura variety of dimension > 0 should, at least when g is large enough, contain at most finitely many CM points, although the Ekedahl-Serre question asks for finer information in the intersection. We will return to this reduction later in Section 4.
The present work focuses, however, on the arithmetic aspects of such intersection. Recall that Kukulies [Kuk10] has studied the Ekedahl-Serre question for a family of Jacobians isogeneous to a self-product of one single family of elliptic curves, namely the finiteness of intersections of the form T • g ∩ T q (Y ), where Y is the "diagonal" curve in M parametrizing g-fold self-products of elliptic curves. He has made use of the Sato-Tate equidistribution for elliptic curves over functional fields in positive characteristics to deduce a bound in characteristic p, which motivates the similar treatment in this note for Jacobians over number fields using known results of Sato-Tate type.
The main result in this paper is the following: Theorem 1.1. Let c be a fixed constant and E be an elliptic curve over a number field F admitting a semi-stable model E over O F and satisfying the Sato-Tate equidistribution law as in Theorems 2.2 and 2.3. Then there exists a constant G = G(E, F, c) > 0 such that g < G holds whenever there exists a smooth projective curve C of genus g over F with a semi-stable model C over O F and with an isogeny over F from J = Jac(C) to the g-fold self-product A = E g of degree at most c.
Here the bound on degrees of isogeny is imposed, and instead of the original EkedahlSerre question we are only studying a weakened version over number fields involving only finitely many Hecke translates.
It should be pointed out that the general situation of Ekedahl-Serre question is still open. The recent work of Paulhus etc. has updated the list of values of g for which there exists totally decomposable Jacobians of genus g, cf. [Pau08, Pau13, Pau16] .
Motivated by this theorem, we proceed further to generalizations of questions of EkedahlSerre type: for M a Shimura subvariety in A g , under what condition does one find that the intersection of T • g with the total Hecke orbit of M be finite or even empty? We also propose a conjecture that should reduce the study involving a total Hecke orbit to the intersection with finitely many Hecke translates, which leads to a question in the style of Coleman-Oort conjecture. The main theorem announced above could be viewed as supporting evidence in an arithmetic set-up.
The paper is organized as follows. Section 2 collects necessary facts on equidistribution of Sato-Tate type, and Section 3 proves the main result in analogy with the approach of Kukulies in positive characteristic, using results from Arakelov geometry. Section 4 includes some elementary variants of the main theorem. Finally in Section 5 we formulate questions of Ekedahl-Serre type for more general Shimura varieties, propose a conjecture that should transform it into a question of Coleman-Oort type, and present some examples established through the numerical properties of surface fibration.
The Sato-Tate equidistribution
Following [Ser98] , the equidistribution of Sato-Tate type on Frobenius eigenvalues is often transformed into the analyticity of L-functions:
Theorem 2.1 (equidistribution and L-functions). Let F a fixed number field. Let G be a compact Lie group, and X its space of conjugacy classes, endowed the probability measure µ deduced from the normalized Haar measure on G. Let {x ℘ } be a sequence of points in X indexed by the prime ideals of O F , and assume that for any non-trivial irreducible C-linear representation ρ of G, the Euler product
is meromorphic for ℜ(s) > 1 and has no zero and pole in this half plane except possibly at s = 1. Then {x ℘ } is equidistributed with respect to the measure µ if and only if for any non-trivial irreducible representation ρ as above, the function L(ρ, s) extends to a holomorphic function on an open neighborhood of ℜ(s) ≥ 1 and does not vanish at s = 1.
In practice the compact Lie group G is often the maximal compact subgroup of G(C), where G is a reductive Q-group serving as the geometric monodromy group for some smooth projective algebraic variety Y defined over a number field F . Fix an embedding F ֒→ C, and write V for the Betti cohomology H m (Y (C), Q), which is an algebraic representation of G. Taking a prime ℘ of good reduction for Y over F , we have the special fiber Y k℘ , and theétale cohomology The Sato-Tate equidistribution is established in various cases over number fields:
Theorem 2.2 (non-CM case). Let F be a totally real number field, and let E be an elliptic curve over F of non-CM type admitting bad reduction of multiplicative type at some finite place of F . For p a prime of good reduction of E over F , write a p = 2 √ q p cos θ p for the normalized Frobenius trace on
Then the angles θ p are equidistributed on the interval [0, π] with respect to the Sato-Tate measure µ = 2 π sin 2 θdθ when p runs through primes of good reduction for E over F . In particular
, where q p is the cardinality of the residue field at the prime p.
This is proved by Clozel, Harris, Shepherd-Barron and Taylor by establishing the analytic properties of the L-functions of interest through potential automorphy lifting, see [Car08] for a brief introduction.
Note that in this case the geometric monodromy group G for E is SL 2 , the maximal compact subgroup G is SU(2) (inside SL 2 (C)), whose space of conjugacy classes is identified with the interval [0, π] (as the circle modulo reflection). If A is an abelian variety over F isogeneous to E g , then the geometric monodromy group is simply reduced to that of E, namely SL 2 , and the decomposition Note that in this case, the geometric monodromy group is T = Ker(Res K/Q G m → G m ), and T(R) is the maximal compact subgroup in T(C), which coincides with its space of conjugacy due to the commutativity of T. The Sato-Tate measure might take different form depending on whether F contains K or not, due to the different formula of Hecke L-functions in these two cases. However this does not matter for our later discussion, because only a positive density result is needed on the asymptotic distribution of primes of good reduction similar to the non-CM case, and the exact form of the Sato-Tate measure is not specified in what follows.
Bounding singularities by heights
We briefly recall the strategy of Kukulies in [Kuk10] in positive characteristic before developing the number-theoretic analogue. One starts with a function field F in characteristic p, a smooth projective curve S F over F whose Jacobian J F = Jac(S F ) is isogeneous to the g-fold product of some elliptic curve E F over F . Assume that these structures admit non-isotrivial semi-stable models: F is the function field of some smooth projective geometrically connected curve C over F q , S F is the generic fiber of some semi-stable surface fibration f : S → C, E F admits a semi-stable model E → C, and the isogeny
The estimation of Kukulies in this case goes as follows:
• the height inequality of Szpiro for S → C bounds the number δ of the singular points from all the (singular) fibers of S → C as
with ω S/C the dualizing sheaf for S → C, and deg(ω S/C ) = h(J/C) = gh(E/C) with h(•/C) the height of a group C-scheme, i.e. degree of the invariant differential sheaf along the neutral section; • the Sato-Tate equidistribution for E → C shows for g > q n + 1, the number of singular fibers of S → C over points from C(F q n ) is at least 1 4 q n , and the number of singular points in a such a fiber of S → C is at least ⌊ g 2q n ⌋, and some counting rearrangements lead to δ ≥ c(E/C)g log g log log g
, which bounds g in constants determined by E → C. The counterpart over number fields of the height inequality of Szpiro is the following:
Theorem 3.1. Let C be a smooth projective curve of genus g ≥ 1 overQ, with C a semi-stable minimal model of X over B = SpecO F for the integer ring of some number field F ⊂Q. Write J = Jac(C/F ) and J = Pic
• (C/B) for the integral model of J over B which is a semi-abelian B-scheme. Then holds the inequality
where:
• ∆(C/B) =
[F :Q]
p #Sing(C(k p )) log q p is the weighted sum of singularities for C → B, with Sing(C(k p )) the set of singular points in C(k p ) over a prime p of bad reduction for C → B, • h Fal (C) is the Faltings height of C, also equal to the Faltings height h Fal (J) of J (which can be computed explicitly using their semi-stable models).
The proof of this proposition is immediate after combining results in Arakelov geometry by Faltings with some recent improvement by Wilms, kindly explained to us by Prof. Ariyan Javanpeykar: Theorem 3.2 (Faltings, cf. [Fal83, Fal84] ). For C → B the arithmetic surface in 3.1 holds the Noether formula
where δ Fal (C/B) is the archimedean discriminant computed using the Riemann surface structures on
The improvement from Wilms [Wil16] provides a link between the δ-invariant of Faltings and the ϕ-invariant of Kawazumi-Zhang, cf. [Kaw] and [Zh10] . For simplicity we only mention the following less precise consequence, which is sufficient for the analogue of Szpiro inequality: Theorem 3.3 (Wilms, cf. [Wil16] ). For C → B the arithmetic surface as above holds the inequality δ Fal (C) ≥ −10g.
The proof of the main theorem is thus reduced to an estimation of singular points, along the idea in [Kuk10] :
Proof of Theorem 1.1. For p a prime of good reduction for E over F , let q p be the cardinality of the residue field at the prime p, and a p be the trace of the q p -Frobenius on
The assumption on equidistribution of Sato-Tate type implies that the following subset of primes of good reduction for E over F
is of density ρ > 0 in the set of primes of F . On the other hand, a prime p of good reduction for C is also of good reduction for E via the isogeny between J ⊗ F F p and E g ⊗ F F p using Serre-Tate's criterion, cf. [ST60] . The isomorphism
which together with the inequality #C(k p ) ≥ 0 implies that
In particular, q p ≥ g for such primes of good reduction. Let P (g) := {p ∈ P | q p < g} ⊆ P.
Since the set P defined above is of density ρ > 0, the subset P (g) is of size at least 1 2 ρ· g log g when g is large enough. Moreover, for p ∈ P (g), although J, or equivalently E, is of good reduction, the fiber C kp must be singular due to the counting inequality q p ≥ g established above for primes of good reduction of C → B.
We claim that the number of singular points in such a singular fiber is at least g 2qp . The argument is the same as in [Kuk10] : when q p < g, the Jacobian is either a torus, or isogeneous to the g-fold product of a single elliptic curve. In the toric case the curve Ck p has at least g singular points; in the compact case the curve is a chain of smooth curves each of genus less at most q p , and at least ⌊ g 2qp ⌋ singular points are found in the fiber. Taking the summation over these primes in P (g) gives the following inequality:
for some ρ 1 ∈ (0, ρ/2) with d = [F : Q], using some standard estimation in analytic number theory (cf. Lemma 3.5 below). It is also known from [Fal83] (or [Ray85] ) that for given E and F , the Faltings height of an abelian variety A ′ over F admitting an F -isogeny to E g of degree f only differs from gh F (E/O F ) by a quantity bounded by log f . Since we have required the degree of isogeny between J and E g be of bounded by c, we get from Theorem 3.1 that
where O(1) stands for some constant determined by E, F and c, independent of g. Thus
Eliminating the linear factor g one obtains an upper bound of g in terms of h Fal (E), d = [F : Q] and c.
Remark 3.4. Note that the bound in the theorem is not explicit. We should remark that, in the functional field case over complex number, an explicit upper bound g ≤ 11 is found in [LZ14] if there is a family of curves of genus g with an isogeny between the Jacobians and the self-fiber-product of one single family of elliptic curves. However, the proof loc. cit. relies heavily on certain results such as the logarithmic Miyaoka-Yau inequality only valid in characteristic zero at the moment.
In the proof of Theorem 1.1 above we have made use of some standard calculation from analytic number theory, based on the useful fact that for {a n } a sequence of numbers and b(x) a function of C 1 -class on R ≥0 , holds the following identity (see for example [MV07] ):
with A(t) = n≤t a n .
Lemma 3.5.
(1). Let P be the set of prime numbers in N, and Q a subset of natural density c, i.e.,
where P (x) = {p ∈ P : p ≤ x}. Then asymptotically, one has
(2). Let F be a number field, P F its set of prime ideals and Q F ⊂ P F a subset of density c > 0, namely
where similarly as above P F (x) = {℘ ∈ P F : q ℘ ≤ x} with q p being the cardinality of the residue field at the prime p. Then asymptotically, it holds that
for some contant c 1 depending only on Q F and F .
Proof.
(1). Consider the sequence {a n } given by a p = 1 for p ∈ Q and zero otherwise. Then
The summation formula (3-1) above gives
(2). Write p F (n) for the number of ways representing n ∈ N as the norm of a prime ideal from P F . Then Landau's prime number theorem ℘∈P F (x) 1 ∼ x log x for F is the same as
Similarly one writes q F (n) for the number of ways representing n as the norm of a prime ideal from Q F , and the assumption on natural density is
Applying the summation formula mentioned above we obtain n≤x q F (n) log n n ∼ c(log x − log log x), and one may simply take c 1 = c 2 < c.
Variants
Note that the Sato-Tate equidistribution is also known for simple CM abelian varieties, as long as the base number field is Galois over Q and contains the CM field, cf. [Fit15] . Naturally one may consider similar questions of Ekedahl-Serre type in this setting. One should, however, specify the meaning of the genus g tending to infinity, and we single out two naive examples, where the growth of genera is explicitly described:
Case 1 Fix a CM abelian variety A defined over some number field, and consider Jacobians isogeneous to products of A, with the degree of isogeny boundedà priori; here it is the number of copies of A in the Jacobian that grows; Case 2 Fix a number field F , and consider a sequence of CM abelian varieties A n over F satisfying Sato-Tate equidistribution with Faltings height growing linearly according to their dimensions.
In either case similar arguments as in [Kuk10] are expected to apply when the Faltings heights of the Jacobians grow essentially linearly along the genera.
Proposition 4.1 (Case 1). Let A be a simple abelian variety overQ with CM by some CM field L. Let F be a Galois number field containing L over the integer ring of which A admits a semi-stable model A. Fix a constant c, then there exists a constant G = G(A, c) such that if a smooth projective curve C over F admitting a semi-stable model over O F whose Jacobian J is isogeneous to a product of copies of A, with the isogeny degree bounded by c, then C is of genus at most G.
Proof. Write r for the dimension of A and d for the degree of F . The Sato-Tate group of A is a d-dimensional compact torus, which we identify with a product of circles T = S 1 ×· · ·×S 1 (r-fold), and the Sato-Tate measure is the Haar measure µ T on T , normalized to be of total mass 1. The Frobenius trace for a prime p of good reduction of A over B = SpecO F is, using a basis of H 1 (Ak p , Q ℓ ), of the form
with θ p = θ p (1), · · · , θ p (r) ∈ T equidistributed with respect to µ T . In particular there exists a subset P of primes in F with density ρ > 0 such that A is of good reduction at p and cos
, 1]. Let C be a smooth algebraic curve over F admitting a semi-stable model C over B = SpecO F as before, such that its Jacobian J admits an isogeny to A ⊕m of degree at most c. The isogeny from J to A ⊕m leads to the counting
. This forces the inequality g ≤ q p with g = mr the genus of C.
When m grows to infinity, one finds at least
primes of bad reduction for C over O F inside P (g) = {p ∈ P : q p < g}, and it remains to argue as in the case of self-products of elliptic curves to bound m and also g = mr.
Note that the current state of the Sato-Tate conjecture does not yet permit the similar arguments applied to Jacobians isogeneous to the product of copies of a fixed finite set of abelian varieties {A 1 , · · · , A N }: in general one is not able to deduce the equidistribution of Frobenius eigenvalues on an abelian variety of the form A
. The Sato-Tate measure involves the density of primes with prescribed behavior, and the notion of density of infinite subsets of primes is not well-behaved under intersection, as long as no further input is available. If one considers the case of two elliptic curves some positive results are possible after [Har14] , such as the product of two non-CM elliptic curves non-isogeneous to each other.
The following result, namely Case 2 as mentioned above, is included only to illustrate how restrictive the present treatment is when dealing with the growth of genera.
Proposition 4.2 (Case 2)
. Let (A n ) be a sequence of CM abelian varieties over a number field F with dimensions tending to infinity, each of which admits a semi-stable model A n over B = SpecO F , and all of them are of good reduction over some open subscheme U ⊂ B in. Assume further that:
(i) The Faltings heights h Fal (A n ) are bounded with respect to their dimensions, i.e.,
} contains some fixed subset P of density ρ > 0, independent of the choice of n, where τ p (n) = 1 dim An t p is the Frobenius trace t p (n) on H 1 (A n,kp , Q ℓ ) averaged over the dimension.
Then for any given constant c > 0, there exists a constant G = G((A n ), c) such that any smooth projective curve C over F is of genus at most G, provided that it admits a semi-stable model over O F such that its Jacobian J admits an isogeny to one of the A n 's of degree at most c.
Proof. For C a curve over F with a semi-stable model C over O F such that the Jacobian J = Jac(C) is isogeneous to one of the A n 's, the point counting at a prime of good reduction p in P again gives g ≤ q p , and one concludes by the singularity counting plus the bound in Faltings heights, similar to the previous cases.
Unfortunately the conditions in the proposition above are way too far from manipulable. The natural field of definition of a simple abelian variety with CM by a CM number field E is, after the fundamental construction of Shimura and Taniyama, a ray class field of the reflex field of E, and that a sequence of simple CM abelian varieties involving infinitely many CM type be subject to the condition in averaged trace is rarely encountered in practice.
Further questions
As is mentioned in the beginning of this paper, the Ekedahl-Serre question involves the Shimura subvariety M ⊂ A g , which parametrizes g-fold products of elliptic curves, and all the Hecke translates of M. One naturally considers similar questions for other type of Hodge symmetry in terms of general Shimura subvarieties and its possible relation with the Coleman-Oort conjecture.
Recall that once a principally polarized abelian variety A over C is given, an isomorphism of symplectic Q-space H 1 (A, Q) ≃ Q 2g (the latter being the standard symplectic Q-space of dimension 2g = 2 dim A) is well understood, and its Mumford-Tate group MT(A) is the smallest reductive Q-group in GSp 2g fixing all the Hodge classes of A (cf. [DM82] ). The Q-group G = MT(A) gives rise to a Shimura subvariety M defined by (G, X), where X is the G(R)-orbit of the homomorphism x A : S → GSp 2g (R) defining the C-structure on H 1 (A, R) (in fact one only needs the connected Shimura subvariety associated to X + the G(R) + -orbit of x A , cf. the definition used in [CLZ16] ). Note that here M is also the smallest Shimura subvariety in A g containing the point corresponding to A, and the point in A g is contained in a given Shimura variety M ′ defined by (G ′ , X ′ ) if and only if its Mumford-Tate group MT(A) is a Q-subgroup of G ′ . In particular, for C a smooth projective algebraic curve over C of genus g, its Jacobian J = Jac(C) admits the principal polarization by the theta divisor, and it is this symplectic structure that gives rise to the principal polarization on H 1 (C, Q) = H 1 (J, Q) and thus Torelli morphism M g → A g ; here we actually mean the corresponding moduli problems with suitable level structures (for the sake of representability), although we omit the commonly used subscripts such as A g,N etc. We may thus talk about closed subvarieties in M g of the form M G g := M g × Ag M which corresponds to curves whose Jacobians are of Mumford-Tate groups contained in G.
The following generalizations might be of interest from the viewpoint of Ekedahl-Serre and Coleman-Oort:
Question 5.1. Fix a Shimura subvariety M in A g defined by some Mumford-Tate subgroup G ⊂ GSp 2g . The main results studied in Section 3 deals with finiteness over number fields for such intersection under suitable integral constraints with bounded isogeny degrees. The bound on degrees of isogenies actually rules out all but finitely many Hecke translates, and it is expected as an example for the following conjecture, which should serve as a bridge from (ES) to (CO):
Conjecture 5.2. For g large enough and M a Shimura subvariety in A g , the intersection T
• g H(M) can be reduced to only finitely many Hecke translates of M, namely there exists q 1 , · · · , q N ∈ Sp 2g (Q) such that
Note that Questions (ES) and (CO) and the conjecture above make sense for zerodimensional Shimura subvarieties, namely CM points, with examples supporting (CO) provided by equidistribution of Sato-Tate type.
One does not expect (CO) to be true for arbitrary Shimura subvarieties. The cyclic covers of P 1 already produces positive dimensional Shimura subvarieties contained generically in the Torelli locus, cf. [Mo10] . Moreover Möller has communicated to us a counterexample in each dimension: the Hilbert modular variety M in A g associated to a totally real number field of degree g always contains a Teichmüller curve in T On the other hand, our previous work [CLTZ] has shown that Question (CO) is true for Shimura varieties whose Mumford-Tate groups contain "large" compact factors, which we reformulate as follows for reader's convenience: The main idea behind this criterion is a slope inequality of Xiao which allows us to exclude Shimura varieties with sufficiently many compact factors in the Mumford-Tate groups, using numerical properties of the semi-stable surface fibration associated to a curve in T • g . In particular the property of possessing "large" compact factors is invariant under Hecke translation for a given Mumford-Tate group, which makes (ES) more hopeful via the reduction to (CO) through the conjecture.
Sketch of proof.
The open Torelli locus can be also defined overQ, it suffices to show that the intersection T • g ∩M is zero-dimensional. If the intersection were of positive dimension, it would contain a curve C, which lifts to a curve B inside M g and the construction in [CLZ16] and [CLTZ] completes it into a semi-stable surface fibration f : S → B, whose Hodge bundle ω = f * ω S/B , a vector bundle on B of rank g, is determined by the (1,0)-part in the Hodge decomposition for C using the universal family of abelian varieties over C given by the modular interpretation C ⊂ M ⊂ A g .
The Hodge bundle ω on B admits a decomposition into F 0 ⊕ F 1 , with F 0 the flat part (cf. [CLZ16] ) of degree zero, and the slope inequality of Xiao for f : S → B implies that
The direct sum F 0 ⊕F 1 is induced from a similar decomposition E 0 ⊕E 1 on C by subbundles of the same ranks respectively, using the (1,0)-part of the Hodge decomposition for the universal family of abelian varieties by the modular interpretation of C ֒→ A g . The refinement C ⊂ M ⊂ A g implies that
, and a contradiction arises when r d > 5 6 + 1 6g .
The proposition above only requires information from the "portion" of compact factors. The paper [CLTZ] has passed on to Shimura varieties of SU(n, 1)-type, i.e. unifromized by the Hermitian symmetric space associated to the simple Lie group SU(n, 1), and its argument through the slope filtration of the Higgs bundles could be adapted to more general Shimura varieties of unitary type: Definition 5.4. A Shimura datum of unitary type is a Shimura datum (G, X) such that G der is a simple Q-group admitting a decomposition in Lie groups of the following form
with p i ≥ q i ≥ 0 and p i + q i = n constant. A connected component X + of X is thus the direct product of the Hermitian symmetric domains X + i associated to those SU(p i , q i ) with q i > 0.
A Shimura subvariety of unitary type in A g is the one associated to a Shimura subdatum in (GSp 2g , H Proof. Using the Satake classification cf. [Sa67] , the condition q i ≥ 2 for some i forces that the symplectic representation G der ֒→ Sp 2g of the simple Q-group G der decomposes, after the base change from Q to R, into the following form:
⊕m with V 0 a trivial representation of even dimension 2n 0 and V i the 2n-dimensional standard R-linear representation of SU(p i , q i ) on C n = C p i ⊕ C q i preserving an Hermitian form of signature (p i , q i ). In particular, g = n 0 + rmn.
Fine information for the Hodge decomposition of the complex vector bundle associated to the locally constant sheaf associated to the C-linearized representation G der (R) → GL 2g (C) is needed. Write E = E 1,0 ⊕ E 0,1 for the Hodge decomposition on M given by the modular interpretation of M ֒→ A g , with E 1,0 and E 0,1 both complex vector bundles of rank g:
• G der (R) acts on V 0 trivially, and V 0 contributes to both E 1,0 and E 0,1 a trivial vector bundle of rank dim V 0 .
• G der (R) acts on V i = C n through SU(p i , q i ), preserving an Hermitian form of signature (p i , q i ). The complexification V i ⊗ R C gives rise to a locally constant sheaf in C 2n , which underlies a PVHS with a decomposition of the form
is the complexification of the homogeneous vector bundle on X is associated to the negative part C q i on which the maximal compact subgroup of SU(p i , q i ) acts through U(q i ). Clearly the 1st Chern class of E i , namely the sum of Chern classes of the summands described above, is zero as it is associated to a locally constant sheaf. The symmetry of complex polarization and the signature of Hermitian form imply that:
is the direct sum of two subbundles of equal Chern classes and rank p i , q i respectively.
